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It is shown that a “vacuum polarization” induced by Coulomb potential in graphene leads to 
a strong suppression of electric charges even for undoped case (no charge carriers). A standard 
linear response theory is therefore not applicable to describe the screening of charge impurities in 
graphene. In particular, it overestimates essentially the contributions of charge impurities into the 
resistivity of graphene.
PACS num bers: 73.43.Cd, 72.10.Fk, 81.05.Uw
N onlinear screening of charge im purities  in g raphene
G raphene is a nam e given to  an atom ic layer of car­
bon atom s packed into a hexagonal two-dimensional la t­
tice. This te rm  is widely used to  describe the crystal 
s truc tu re  and properties of graphite (which consists from 
graphene layers relatively loosely stacked on top  of each 
other), carbon nanutubes, and large fullerenes. Very re­
cently, a way has been found to  prepare free-standing 
graphene[1, 2], th a t is, real two-dim ensional crystal (in 
con trast w ith num erous quasi-two-dim ensional system s 
known before). The graphene tu rn s  out to  be a gap­
less sem iconductor w ith a very high electron m obility 
which makes it a perspective m aterial, e.g., for ballistic 
field-effect tra n s is to r[2]. I t has been show n[3, 4] th a t the 
charge carriers in graphene are massless D irac fermions 
w ith effective “velocity of light” of order of 106 m s- 1 . 
Due to  th is unusual electronic s truc tu re  graphene dem on­
stra tes exotic tran sp o rt properties, such as a new kind of 
the  integer quantum  Hall effect w ith half-integer quanti­
zation of the  Hall conductiv ity [3, 4 , 5, 6, 7, 8], or finite 
conductivity  in the lim it of zero charge-carrier concen­
tra tio n  [3, 9, 10, 11].
One of peculiar tran sp o rt properties of graphene, a mo­
bility  which is alm ost independent on the charge carrier 
concen tration[3], was explained in Refs.12, 13 as a re­
sult of electron scattering  by charge im purities. How­
ever, a linear-response theory  was used to  take into ac­
count screening effects. Rigorously speaking, th is theory  
can be applied only assum ing th a t the im purity  potential 
is small in com parison w ith the Fermi energy; however, 
even in sem iconductors where th is condition can be, in 
general, broken this theory  can be norm ally used and 
gives reasonable results (for the  case of two-dimensional 
electron gas, see for review Ref.14).
In this paper we calculate nonlinear screening of charge 
im purities in graphene taking into account a “vacuum  
polarization” effect in a region of strong potential.
A general nonlinear theory  of screening in the system  
of in teracting particles can be form ulated in a framework 
of the density  functional approach[15]. In th is theory  a 
to ta l poten tia l V (r) acting on electrons equals
V (r) =  Vo (r) +  Vind (r) (1)
where V0 (r) is an external poten tia l and Vind (r) is a
poten tia l induced by a red istribu tion  of electron density:
Vind (r) =  — f  d , r +  Vxc ( r ) , (2) 
e J  |r  -  r ' |
where the  first te rm  is the H artree poten tia l and the sec­
ond one is the  exchange-correlation potential. We will 
consider here explicitly only a red istribu tion  of charge 
carriers in the external im purity  potential
Z e2
V0 (r) =  — . (3)
er
taking into account contributions of crystal lattice po­
ten tia l and of electrons in com pletely filled bands via di­
electric constant e and com pensated homogeneous charge 
density  —en\ for the  case of graphene on quartz  one 
should choose[13] e ~  2.4 — 2.5. Here Z  is the dimension- 
less im purity  charge (to be specific, we will assume Z  >  0; 
it can be easily dem onstrated  th a t, actually, in our final 
expressions Z  should be ju s t replaced by |Z |). This kind 
of approach is valid a t a space scale much larger th an  a 
la ttice  constant; in all o ther aspects, it is formally exact 
until we specify the expressions for Vxc and n  [V (r)].
A dimensionless coupling constan t a  =  -¿f—  (where 
vF ~  106m s-1 is the  Fermi velocity in graphene) deter­
m ining the streng th  of interelectron interactions is of or­
der of 1 which m eans th a t it is probably  hopeless to  con­
sider the m any-particle problem  for graphene quite rig­
orously. We will use the Thom as-Ferm i th eo ry [16] which 
is, actually, the sim plest approxim ation in the density 
functional approach. It is based on the two assum ptions: 
(i) we neglect the  exchange-correlation po ten tia l in com­
parison w ith the H artree poten tia l in E q .(2) and (ii) we 
pu t n  (r ')  =  n  [p — V  (r')], n  (p) being a density  of ho­
mogeneous electron gas w ith chemical poten tia l p. The 
former assum ption m eans th a t we are in terested  in the 
long-wavelength response of the electron system  and thus 
the long-range Coulomb forces dom inate over the  local 
exchange-correlation effects. The la ter one holds pro­
vided th a t the  external poten tia l is sm ooth enough. A 
rigorous sta tem ent is th a t an addition of constan t poten­
tia l is equivalent to  the shift of the chemical potential. 
In particu lar, the Thom as-Ferm i theory  gives an exact 
expression for sta tic  inhomogeneous dielectric function
2e(q) in the lim it of small wavevectors q —  0 [17, 18]. The 
Thom as-Ferm i theory  of atom s is asym ptotically  exact 
in the lim it of infinite nuclear charge[16]. Here we will 
use it ju s t for sem iquantitative analysis of the problem.
In the Thom as-Ferm i theory  E q .(2) reads
e2 f
Vind (r) =  —  dr
, n  [p — V (r')] — n  (p) 
|r  — r '| (4)
The function n  (p) is expressed via the density  of sta tes 
N  (E):
n  (p) =  J  d E f  (E ) N  (E ) =  J  d E N  (E ) (5)
where f  (E ) is the  Fermi function and the last equality is 
valid for zero tem pera tu re  (we will restric t ourselves here 
only by this case). For the case of graphene w ith linear 
energy spectrum  near the  crossing points K  and K ' one 
has
1 p | p |
(6)
where we have taken into account a factor 4 due to  two 
valleys and two spin projections.
Let us s ta r t first w ith the case of zero doping (p =  0) 
where, according to  the  linear response theory, there is 
no screening a t all. Substitu ting  E qs.(4), (3), and (6) 
into E q .(1), introducing the no tation
V ( r )  =  — F ( r )  
er (7)
and in tegrating over the  polar angle of vector r ',  we ob­
ta in  a nonlinear integral equation for the function F  (r) :
F ( r ) = Z - ^
n  J  r '  r  +  r '  \ r  +  r ' 
0 ^
F 2 ( r ' ) (8)
where
T/2
K  (k)
\J î  — k2 sin2
(9)
is the  com plete elliptic integral,
Q =  2
2 2
— Ì ;ihvp  )  ’ (10)
for the case of graphene on SiO2 Q — 2.
We will see below th a t, actually, the  integral in right- 
hand  side of E q .(8) is divergent a t r ' =  0; the  reason 
is th a t the expression (6) w ith the replacem ent of p  by 
V  (r) is no t applicable for a very small distances when 
the poten tia l becomes com parable w ith the conduction 
bandw idth; thus we should introduce a cut-off a t r '  ~  a
FIG. 1: Graph of the function 0 (t) (Eq.(12))
where a is of order of a lattice constant. An exact value 
of a is no t relevant, w ith a logarithm ic accuracy.
To proceed further we replace variables in E q .(8), 
r '  =  r e 4, and introduce a no ta tion  F  ( ln r)  =  F  ( r ) . As a 
result, E q .(8) takes the form
X CO
F  (x) =  Z -----— I  d tF 2 ( t ) -----— I  d tF 2 (x  +  t)  <f> ( t) ,
^ 7  n  /
ln a
where
K
4>{t) = - ­
n
cosh t/2
1 +  e‘ — o (—t ) ,
(11)
(12)
9 (x >  0) =  1, 9 (x <  0) =  0. The function ^  (t) decays ex­
ponentially  a t t  —> ± ^  and has a logarithm ic divergence 
a t t  =  0 (see Fig. 1). For large x the last te rm  in the 
right-hand side of E q .(11) can be neglected. After th a t, 
E q .(11) is transform ed into a differential equation which 
can be easily solved. As a result, we find the following 
solution for the screening function F :
l  +  Z Q \ n r-
(13)
r  ^  a.
This logarithm ic screening of the Coulomb potential 
results from a creation of electron-hole pairs in the vicin­
ity  of the im purity, or, in term s of quantum  electrody­
namics (QED), a “vacuum  polarization” [19, 20]. This 
effect can be qualitatively  described in QED by an ap­
proach which is very sim ilar to  the Thom as-Ferm i theory  
used h ere[20].
As a result, a t distances much larger th an  the lattice 
constant charge-im purity poten tia l in undoped graphene 
equals
1
er Q ln
(14)
1
2
2e
3does not depend on the im purity  charge Z  and is much 
weaker th an  the bare poten tia l V0 ( r ) . This follows from 
the fact th a t the  “effective fine-structure constan t” for 
graphene, a  is close to  1, instead of 1/137 in QED.
Consider now a generic case of doped graphene. In 
th is case, E qs.(1), (3), (4), and (6) result in the  following 
integral equation for the  to ta l im purity  potential:
V (r) + 2 H<
ne^,2v
dr / v  (r ') 
|r  — r '|
Z e
er
2
efi,2v
dr
r'>a
, V 2 (r ')  
|r  — r '|
(15)
If one neglect the  nonlinear te rm  in the right-hand side of 
E q .(15) this equation can be easily solved by the Fourier 
transform ; the result for the Fourier com ponent of the 
to ta l potential, v (q) read s[12, 13]
■(?) =
2n Z e 2 
e (q +  k)
where
4e2 |M|
(16)
(17)
is the  inverse screening radius proportional to  the Fermi 
wave vector kF . After inverse Fourier transform ation  one 
finds
V ( r )  =  ^ { l - ^ f [ H o ( Kr ) - Y o ( Kr) ]}  (18)
w ith asym ptotic behavior
Z e 2 1 
t r  (Kr)2
(19)
a t Kr ^  1; here H 0 and  Y0 are Struve and Neum ann 
functions.
E stim ating  different term s in E q .(15) one can dem on­
s tra te  th a t the solution (13) is still correct for Kr <  1 and 
the solution (18) - for Kr ^  1, bu t w ith a replacem ent of 
Z  by
Z  * =  Z -
1
d r 'V 2 (r ') (20)
r'>a
in the  la tte r case. Analyzing contributions to  the integral 
in the right-hand side of E q .(19) from these two regions 
we ob tain  our final result
Z *
Z
1 +  Z Q  ln —^  Ka
(21)
This is the  effective charge of im purity  in graphene a t dis­
tances much larger th an  the lattice constant. Since we 
always have kF a ^  1 th is m eans th a t  it is the charge th a t 
determ ines electron scattering  by a long-range p a rt of
charge im purity  poten tia l in graphene. This weakens es­
sentially th is scattering m echanism  since Q  In ^  is of or­
der of ten  for typical charge carrier concentrations. Per- 
tu rbative  estim ations of the electron m obility [12] should 
be thus m ultiplied by th is factor squared. As a result, 
the m obility for the same param eters tu rns out to  be 
two order of m agnitude larger. Instead  of concentration- 
independent mobility, we obtain  a m obility proportional 
to  ln2 (kF a). This weak dependence on the charge-carrier 
concentration is probably  consistent w ith the experim en­
ta l d a ta [21]. More accurately, one should use an expres­
sion for the m obility obtained by A ndo[13] (see Eq.(3.27) 
and Fig. 5 of th a t paper) bu t w ith the replacem ent of 
Z  by Z * when calculating the streng th  of the Coulomb 
interaction.
I am  thankful to  Andre Geim and K ostya Novoselov 
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